We critically investigate the practice of adding a power-law surface offset correction f (ν) to the frequencies of stellar models prior to seeking best fit models to an observed star. We show that surface layer independent indicators of the internal structure, phase shifts and separation ratios, are displaced in frequency by f (ν) and are therefore not the same as those of the model. Consequently such best fit models do not have exactly the same interior structure as the observed star. Using results on the star HD 177153 we show that the difference between observed and model frequencies for best fit models obtained using surface layer independent procedures have a wide range of different offsets which do not in general follow a Kjeldsen-like power law, and further that best fit models obtained using the offset correction procedure do not necessarily satisfy surface layer independent constraints on the internal structure.
Introduction
When seeking to find stellar models whose frequencies match those of an observed star many investigators use the so called surface frequency offset introduced by Kjeldsen et al. (2008) to compensate for our poor understanding of the structure of the outer layers of a star. Since the outer 1% by radius of a star contributes ∼15% to the acoustic radius T (cf. Roxburgh 2014) a small error in modelling these layers can lead to large errors on the frequencies.
The reasoning behind the surface offset procedure is that, even for the Sun, the observed and "best" solar model frequencies differ by up to 15 µHz, the offset approximately following a power law f (ν) = ν mod −ν obs = a (ν obs /ν 0 ) b (where ν 0 is any chosen reference frequency), so a similar offset should be expected for other stars. Using the solar Model S (Christensen-Dalsgaard et al. 1996) , radial ( = 0) frequencies from Lazrek et al. (1997) , and a reference ν 0 = 3050 µHz, Kjeldsen et al. fitted the offset with a ∼ 4.73 µHz, b ∼ 4.90.
In application to other stars the practice is to determine the exponent b for the "best" solar model using the same set of physical assumptions as used to generate the model set to be searched for a best fit model to an observed star, and then determine the parameter a from the average frequency and large separation of the model and observed star. This offset is then applied to each model prior to seeking a best fit model to a given observed frequency set. We remark that "best solar model" is subjective as there are many ways of defining "best": best fit to the frequencies, best fit to surface layer independent criteria, best fit to inferred properties such as the sound speed. . .
It is also the case that there is no empirical evidence to support using the scaled solar power law, nor does it rest on any theoretical basis; to the author it seems highly unlikely that the contribution of the outer layers of stars with different surface properties − mass, luminosity, radius, composition, mixing length parameter in convective modelling. . . can all be captured in a single parameter determined from the average frequency and large separation. As we show below the surface offsets of best fit models to HD 177153 determined by surface layer independent algorithms do not follow a Kjeldsen-like power law.
An important assumption behind using a surface offset correction is that the best fit model found by this procedure has the same interior structure as that of the observed star. We here show that this assumption is, in principle, incorrect. The addition of a function f (ν) to a model frequency set produces a displacement of f (ν) in the frequencies of signatures of the internal structure (phase shifts, separation ratios), which are then not the same for the model with and without the addition, and so the "corrected" frequencies do not reflect the interior structure of the model, but that of a different unknown model.
Further we show that using the Kjeldsen type offset one may find a best fit model from frequency matching whose interior structure is such that it does not satisfy surface independent model fitting criteria.
Diagnostics of the stellar interior
The frequencies ν n of a star or stellar model can always be represented in terms of "phase shifts" n as
for any convenient choice of a reference large separation ∆. The n are determined by the structure of the star, both the interior and the outer layers, and for models can be determined by integrals over the structure. In the outer layers the contribution is essentially independent of angular degree whereas the contribution from the inner layers is dependent, so it is convenient to split the n into 2 components
A&A 581, A58 (2015) where the outer phase shift α(ν) is an independent continuous function of ν determined by the structure of the outer layers, and the inner phase shifts δ (ν) are dependent continuous functions of ν determined by the structure of the inner layers (cf. Roxburgh & Vorontsov 1994 , 2000 . For a model these functions can be determined for any frequency -the eigenfrequencies being determined by continuity between the inner and outer solutions. Since the inner phase shifts δ (ν) are determined by the inner structure alone these functions contain the information on the inner structure; different models having different phase shift functions δ (ν). The δ (ν) are not directly observable, but their differences δ (ν) − δ 0 (ν) can be derived from the n by interpolation and subtraction. Interpolation in the discrete values (ν n ) to find the values at any frequency ν gives (ν) = α(ν) − δ (ν) and subtracting the values for from those for = 0 eliminates α(ν) giving the diagnostic
The separation ratios r 01 , r 02 , r 101 (Roxburgh & Vorontsov 2003 are another way of effecting this subtraction; if one uses linear interpolation to derive the value of 1 (ν) at the frequency ν n,0 and subtracts this from n0 = 0 (ν n,0 ) one obtains the result
The much used 5 point separation r 101 is a higher order interpolation procedure which is more effective in eliminating the outer phase shift contribution α(ν).
In Fig. 1 we the show the continuous inner phase shift differences derived from a model of mass 1.28 M and superposed the values from cubic spline interpolation in the n − the curves are indistinguishable. The points are the separation ratios which lie on these curves.
The effect of adding a surface offset f(ν)
First we note that the inner phase shift differences δ (ν) − δ 0 (ν) are independent of the value assigned to ∆. In terms of α, δ
and expressing this in terms of a different ∆ * we have
is simply a linear function only of ν, it can be absorbed into α(ν); setting α
The inner phase shifts δ (ν) as a function of ν, which are determined solely by the inner structure of the star, are unchanged by this redefinition of α, and are independent of the choice of ∆. Now let the actual frequencies of a model be ν m n (where the superscript m indicates model) and the frequencies with offset f (ν) that match the observed frequencies ν
Subtracting these equations gives
where f (ν) is the offset. In terms of α and δ we have
where since the term f (ν)/∆ is a function only of ν it is added to the outer phase shift α m (ν). Hence for any frequency ν the δ differences (or equally the differences) satisfy
The resulting differences δ o (ν) − δ o 0 (ν) of the observed frequencies are the same as those for the actual model frequencies but displaced in frequency by f (ν). Since it is the δ (or equivalently the ) differences as functions of frequency that are determined by the interior structure of a star it follows that, in principle, the observed and model star do not have the same interior structure. Whether or not this is important depends on the magnitude of the offset for the particular model compared with the errors in the δ differences which ∼σ/∆ where σ is the error on the observed frequencies.
Offset estimates from surface layer independent model fitting
One way measuring frequency offsets is to compare the frequencies of best fit models to an observed star obtained using surface layer independent modelling techniques to those of the observed star. Results of such an analysis for the star HD 177153 using phase matching are reported in Roxburgh (2015) . The star was observed by Kepler, and Silva-Aguirre et al. (2013) give 33 frequencies in the range 1600−2800 µHz, 11 for each angular degree = 0, 1, 2, and a large separation ∆ ∼ 104 µHz. Constraints on luminosity and radius were derived from bolometric flux and angular diameter measurement by Huber et al. (2012) and the H parallax (van Leeuwen 2007) . Further details are given in Roxburgh (2015) .
In Fig. 2 we show the offsets f (ν) = ν m − ν o for 2 of the 15 best fit models listed in that paper, χ the phase match fit (Roxburgh 2015) ; the offsets do not have a Kjeldsen-like power law dependence. In general the offsets show a variety of functional forms: increasing with frequency, decreasing with frequency, some positive, some negative. . . We then calculated the quality of the fits of the N observed frequencies to the model values both without and with a Kjeldsen-like offset correction. The respective χ 2 are
The two model sets used in these analyses were relatively simple in that they did not include diffusion/radiative levitation so no attempt was made to fit the surface abundances (which were anyway poorly constrained). One set had GN93 relative abundances (Grevesse & Noels 1993) , the other GS98 (Grevesse & Sauval 1998) ; the models were calculated using the OSCROX code (Roxburgh 2008) . We followed the Kjeldsen offset correction procedure, normalising to a "best fit" solar model with relative abundances GN93 and GS98 that had the observed solar radius, solar luminosity and age (taken as 4.65 × 10 9 yr) and the lowest χ 2 ph per degree of freedom in the surface independent matching. The results are shown in Fig. 3 using solar BiSON99 frequencies for modes of degree = 0, n = 14, 25 (Chaplin et al. 1999 ). The top panel shows the offset using the solar Model S (as in Kjeldsen et al. 2008 ) the bottom panel for our model set using GN93 abundances; the exponent b = 3.29 for both the GN93 and GS98 solar models. In both diagrams we also give the weighted least squares power-law fit to all = 0, 1, 2, 3 frequencies in the range 2000−4000 µHz where the exponent b is somewhat larger that the Kjeldsen fit. We also give the χ 2 of the fits. We then applied the Kjeldsen offset to the frequencies of the 15 surface layer independent best fit models, the resulting χ given in Table 1 along with the χ 2 ph from phase matching and χ 2 ν from direct frequency matching without the Kjeldsen offset correction. In all but 2 cases the fit with the Kjeldsen correction is considerably worse than that without, the notable exception being model GS: m1.15X.71Z.023a1.8Xc.097, where the Kjeldsen offset correction produces a much better fit. However this should not be taken as evidence that this model is better than the others; amongst the various ν m − ν o frequency differences some model will have a difference that is more similar to the Kjeldsen offset A58, page 3 of 4 A&A 581, A58 (2015) than the others, and for this model the correction will improve the quality of the fit.
Best fit models with Kjeldsen-like offset correction
We then reversed the procedure searching for best fit models by frequency matching with the Kjeldsen offset correction. Table 2 gives the 15 models with the lowest χ 2 K and the corresponding values of χ 2 ph , χ 2 ν . Whilst they have similar masses to the phase match best fit models in Table 1 they vary considerably in evolutionary stage with ages in the range between 2.79−5.87 × 10 9 yr, whereas the ages of the 15 best phase match models lie in the much narrower range of 4.31−4.74 × 10 9 yr. More significantly most of these models do not satisfy surface layer independent model fitting criteria having a large χ 2 ph and hence an interior structure that is not compatible with that of the observed star. The first model in Table 2 , GN: m1.16X.74Z.022a1.8Xc.100, has the lowest χ 2 K but a χ 2 ph = 2.28 which for phase matching is very large − the probability that such a large χ 2 is just a chance realisation of errors being less than 4 × 10 −4 . Model GS: m1.15X.71Z.023a1.8Xc.097 in Table 2 (which is also in Table 1 ) has both a low χ 2 K and a χ 2 ph = 0.96, thus satisfying the phase match criterion but, as remarked above, amongst the set of models that satisfy the phase match criterion some will have a frequency offset ν m − ν o similar to that calculated using the Kjeldsen offset correction, whilst others do not. This model is one of those that does. In Fig. 4 we show the frequency differences ν m − ν o of this model (the points) and the Kjeldsen offset values (the solid curve). Contrasting this with the offsets in Fig. 2 shows that this model just happens to have an offset ν m − ν o that is close to the assumed offset correction.
Conclusions
We have shown that, in principle, the best fit model found by using the Kjeldsen et al. (2008) offset procedure does not have the same interior structure as the observed model one is seeking to fit since the phase shift differences (and separation ratios) are shifted in frequency by the value of the offset. This will only be important if the displacement in phase shift differences is comparable with, or greater than, the errors due to errors in the frequencies.
We then demonstrated that frequency offsets (model minus observed frequencies) of best fit models determined by surface layer independent fitting, phase or matching or separation ratios do not, in general, have a Kjeldsen-like power law character, and that best fit models using the Kjeldsen procedure do not, in general, satisfy surface layer independent model fitting constraints.
The inference from this study of just one star is that the use of surface offset à la Kjeldsen et al. (2008) has no justification. Were one to use this procedure it is essential to check that the resulting model also satisfies surface layer independent model fitting criteria − but one might just as well only use such surface layer independent modelling.
